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We construct (d×d)-dimensional bound entangled states, which violate, for any d > 2, a bipartite
Bell inequality introduced in this paper. We conjecture that the proposed class of Bell inequalities
acts as a dimension witness for bound entangled states: For any d > 2 there exists a Bell inequality
from this class that can be violated with bound entangled states only if their Hilbert space dimension
is at least d× d. Numerics supports this conjecture up to d = 8.
I. INTRODUCTION
Distant parties carrying out suitable local measure-
ments on a shared quantum state can establish nonlocal
correlations, which are signaled by the violation of Bell
inequalities [1–3]. A Bell violation implies that the un-
derlying quantum state is entangled. Such a violation of
a Bell inequality has been attained in recent experiments
simultaneously closing both main technical loopholes, the
so-called locality and the detection loopholes [4–7].
However, from the theoretical point of view, it is still
unknown whether all entangled quantum states can lead
to violation of a Bell inequality [2, 3, 8]. For instance,
there exist mixed two-qubit entangled states, so-called
Werner states [9], which admit a local hidden-variable
model for any general one-shot measurement and hence
cannot violate any Bell inequality [10] (see also more re-
cent related results in Refs. [11, 12]).
However, in the case of more general scenarios, nonloc-
ality of certain mixed states can be activated. Such al-
ternative scenarios involve the multicopy case, i.e., when
multiple copies of a given quantum state can be meas-
ured jointly in a Bell test [13–15], and the case where
preprocessing using local operations and classical com-
munications (LOCC) can be carried out on the state be-
fore performing the Bell test itself [16, 17].
In the most general case, both above actions are al-
lowed prior to a Bell text, that is, any number of copies
of the state in question can be preprocessed by means
of LOCC operations. In this way, the problem of non-
locality of quantum states becomes closely related to the
task of entanglement distillation [18, 19]. In such a pro-
tocol, one starts from an arbitrary number of copies of a
state and tries to extract a pure highly entangled state
by LOCC. Put together, it follows that any entangled
state that is distillable can give rise to Bell inequality
violation.
Indeed, it has been shown in 1998 that there exist
entangled states in nature that are not distillable [18].
Such a prominent class of entangled states is the so-called
bound entangled states. From this type of state, it is
not possible to distill pure maximally entangled states by
LOCC. On the other hand, entangled states are required
to produce these states. This kind of irreversible beha-
vior of bound entangled states represents a very weak
form of entanglement, which led Peres to conjecture in
1999 that bound entanglement can never lead to Bell in-
equality violation [20].
Several results have been reported in favor of the Peres
conjecture [21–27]. However, it has been refuted recently
in Ref. [28], where the presented nonlocal bound en-
tangled state is a member of the family of 3 × 3 bound
entangled states from Ref. [29]. The bound entangled
states of this family are positive with respect to the par-
tial transpose [30], and a subset of these states has been
shown [28] to violate the Pironio-Bell inequality [31]. It
is noted that the multipartite version of the Peres conjec-
ture, which is a weaker version of his original conjecture,
has also been addressed [32–35].
In this paper we address the question of the existence
of nonlocal higher-dimensional bound entangled states.
In particular, we propose (d × d)-dimensional positive
partial transpose (PPT) bound entangled states for any
d > 2 that violate a class of bipartite Bell inequalities.
The setup involves d binary-outcome measurements on
Alice’s side and one d-outcome and one binary-outcome
measurement on Bob’s side. The constructed states are
invariant with respect to partial transposition, a prop-
erty that ensures that they are PPT states. The rank
of these states is 2d− 2. Note that Ref. [36] conjectures
that this is the lowest possible rank among d × d ex-
tremal partial transpose invariant states. On the other
hand, we conjecture that our inequalities act as dimen-
sion witnesses for bound entangled states: For any d > 2
there exists a member from our class of Bell inequalit-
ies that cannot be violated with [(d− 1)× (d− 1)] PPT
entangled states. However, they can be violated with
our d × d PPT entangled quantum systems. The con-
structions presented in the paper can be considered as
a straightforward generalization of the PPT state (and
the Pironio-Bell inequality) in Ref. [28] for any d > 3.
Provided our conjecture is true, it can also be considered
as a device-independent dimension witness [37] for bound
entangled states of any dimension d > 2.
II. PREVIOUS WORK
In a recent paper Yu and Oh [38] have given a fam-
ily of nonlocal bipartite bound entangled states. Each
member of the family is defined by a density matrix in
a (d × d)-dimensional (d ≥ 3) Hilbert space. The states
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2are invariant under partial transposition; consequently,
they are PPT states [8, 30]. The rank of the state char-
acterized by d is d(d− 1)/2 + 1. Yu and Oh have proven
the nonlocality of their states by showing that each of
them can violate a Bell inequality. In the Bell scenario
they have given Alice has d two-outcome measurements,
while Bob has one d-outcome and one two-outcome meas-
urement. The Bell inequality may be written as
p(00|01)−p(00|00)−
d−1∑
i=1
p(0i|i0)−
d−1∑
i=1
p(10|i1) ≤ 0, (1)
where p(ab|xy) denotes the conditional probability of
Alice and Bob getting outcome a and b, provided they
have chosen settings x and y, respectively. Both the set-
tings and the outcomes are labeled with non-negative in-
tegers starting from zero. Note that the family of inequal-
ities above is equivalent to the one defined by Pironio in
Ref. [31].
Yu and Oh [38] have shown that if the measurement
settings and the parameters of the states are chosen ap-
propriately, the inequality given in Eq. (1) is indeed vi-
olated. The violation decreases with d and for d large
it is proportional to d−4. However, it is easy to show
that for d > 3 the dth member of the family of states
is not the maximally violating PPT states for the dth
inequality. Let the last measurement of Alice (the one
labeled d− 1) be a degenerate one such that its outcome
is always zero. Then p(1, 0|d − 1, 1) = 0. Also, let the
first measurement of Bob be such that its last outcome
never happens. Then p(0, d− 1|d− 1, 0) = 0. With these
choices of measurements, Eq. (1) corresponding to d will
be reduced to the one corresponding to d− 1. Any state
defined in the [(d − 1) × (d − 1)]-dimensional subspace
that violates the inequality of d − 1 will equally violate
the inequality of d. Therefore, all inequalities will be vi-
olated by at least as much as the d = 3 one by a PPT
state. For this family of inequalities the violation can-
not give any information about the dimensionality of the
state. In the present paper we introduce an alternative
family of inequalities and a family of Bell nonlocal PPT
states.
III. TIGHT BELL INEQUALITIES FOR d = 4
Using the polytope software PORTA [39], we have gen-
erated all tight inequalities with Alice having d = 4 two-
outcome measurements and Bob having one (d = 4)-
outcome and one two-outcome measurement. We have
11136 of them. Most of these are equivalent to trivial
inequalities [−p(00|00) ≤ 0 and −p(00|01) ≤ 0] or to the
Clauser-Horne-Shimony-Holt Bell inequality [40]. Also,
several of them are equivalent to the d = 3 or the d = 4
inequalities given in Eq. (1). The rest is equivalent to
one of two inequalities. To the best of our knowledge,
this scenario has not been resolved so far. In particular,
it is not present in the database [41].
The first one of these two inequalities may be written
as
p(00|01)− p(00|00)− p(02|10)− p(03|10)
− p(10|11)− p(01|20)− p(03|20)− p(10|21)
+ p(03|30)− p(00|31) ≤ 0. (2)
We have used a seesaw-type algorithm [42–44] similar to
the one used in Ref. [28], which will be explained in the
next section, to find the PPT state and the measurement
settings violating the above inequality the most. The
maximum violation we have found this way was the same
as the maximum one can get for the inequality in Eq. (1)
for d = 3. The situation is very similar to the cases of
Eq. (1) for d > 3. If we take the measurement settings
such that neither outcome zero of measurement three of
Alice nor outcome three of measurement zero of Bob ever
happens, then p(03|10), p(03|20), p(03|30), and p(00|31)
are all zero and what remains is equivalent to Eq. (1) for
d = 3. Therefore, the same violation with the same state
can always be achieved.
The other inequality may be written as
2[p(00|01)− p(00|00)]− p(02|10)− p(03|10)
− p(10|11)− p(01|20)− p(03|20)− p(10|21)
− p(01|30)− p(02|30)− p(10|31) ≤ 0. (3)
This inequality can not be reduced to the d = 3 inequal-
ity by choosing measurement settings such that the prob-
abilities of some of the outcomes are zero. There exist
(4× 4)-dimensional PPT states violating this inequality,
but we could not find any PPT state in a smaller space
doing that.
IV. GENERALIZATION OF BELL
INEQUALITIES BEYOND d = 4
A. The inequality
The last and most interesting inequality of Eq. (3) may
be generalized to any d ≥ 3 as
Id =(d− 2)[p(00|01)− p(00|00)]
−
d−1∑
i,j=1
p(0j|i0)(1− δij)−
d−1∑
i=1
p(10|i1) ≤ 0. (4)
For d = 3 the inequality is the same as the one of Eq. (1),
only Alice’s measurements one and two are swapped. It
is not difficult to show that the classical bound appear-
ing on the right-hand side of the equation is indeed zero.
This number is the maximum value the left-hand side can
take if the conditional probabilities are given by determ-
inistic strategies. In a deterministic strategy the outcome
of each measurement is certain for both parties, inde-
pendently of each other. Therefore, p(ab|xy) = αa|xβb|y,
where αa|x (βb|y), the probability of Alice (Bob) getting
3outcome a (b) provided she (he) performs measurement
x (y), is one for each x (y) for one of the outcomes, and
zero for all other outcomes.
The classical bound zero can be achieved with many
deterministic strategies; for example, with the choice of
α1|i = β0|0 = β1|1 = 1 each term on the right-hand side
of Eq. (4) is zero. Now we will show that we can not
get a positive classical value. The only term in the equa-
tion that can give a positive contribution is the first one.
For that the choice of α0|0 = 1 and β0|1 = 1 has to
be made. Then this term will have the value of d − 2.
For Bob’s d-outcome measurement zero β0|0 = 1 would
lead to p(00|00) = 1, which would give a contribution of
−(d − 2), negating the positive term. Therefore, let us
choose βb0|0 = 1 (0 < b0 ≤ d). Then, no matter how we
choose α0|i for i 6= 0, either p(0b0|i0) = α0|iβb0|0 = 1 or
p(10|i1) = α1|iβ0|1 = 1. This way for each i we get a
contribution of -1 except for i = b0 provided α0|b0 = 1,
as p(0b0|b00) has a zero factor. Therefore, we get at least
d− 2 terms of value −1, so we can not get a sum larger
than zero, indeed.
B. Optimization of the PPT quantum value
The quantum value of a conditional probability ap-
pearing in a Bell inequality may be written as
p(ab|xy) = Tr[ρˆ(Aˆa|x ⊗ Bˆb|y)], (5)
where Aˆa|x and Bˆb|y are the operators corresponding to
outcome a and b of Alice’s and Bob’s measurement set-
ting x and y, respectively. We allow positive-operator-
valued-measure (POVM) measurements. Therefore, the
quantum value of the Bell expression can be written as
Q(d) = Tr(ρˆBˆd), (6)
where the Bell-operator Bˆ is the linear combination of the
operators Aˆa|x ⊗ Bˆb|y according to the Bell coefficients.
For inequality Id in Eq. (4) it takes the form:
Bˆd =(d− 2)Aˆ0|0 ⊗ (Bˆ0|1 − Bˆ0|0)
−
d−1∑
i,j=1
Aˆ0|i ⊗ Bˆj|0(1− δij)−
d−1∑
i=1
Aˆ1|i ⊗ Bˆ0|1. (7)
When the quantum value is larger than the classical
bound, the inequality is violated.
From Eq. (6) it follows that given Bˆ (that is, given the
measurement settings), finding the optimal density mat-
rix is a problem of semidefinite programming (SDP) [45].
Confining ourselves to PPT states is just a matter of an-
other standard constraint in the SDP method. It is also
true that given a state and the measurement settings of
one of the parties, finding the optimum settings for the
other party is also an SDP problem. This is because for
each measurement setting the operators corresponding to
the outcomes are positive-semidefinite operators whose
d Quantum violation
3 0.000265264
4 0.000210913
5 0.000162725
6 0.000128375
7 0.000103852
8 0.000085873
Table I. Maximum quantum violation for different local di-
mensions d of the PPT states using see-saw search.
sum is the identity operator, and the quantum value to be
maximized is a linear combination of the matrix elements
of these operators. The seesaw algorithm [42–44] we use
to determine the violation of the inequalities consists of
repeating these steps iteratively starting from some ini-
tial values until convergence is achieved. This algorithm
has been used as well in Ref. [28] to get the nonlocal 3×3
bound entangled state.
For each inequality corresponding to d ≤ 8 we have
found (d × d)-dimensional PPT states violating it using
the seesaw algorithm. We have not found any such Bell
violating PPT state defined in component spaces of less
than d dimensions. The maximum violation we have ob-
tained with PPT states is shown in Table I. In all cases
we have arrived at density matrices invariant to the par-
tial transposition; this is what ensures the PPT property.
Their rank is 2d− 2. For d > 3 there are two nondegen-
erate and two (d− 2)-time-degenerate eigenvalues. From
the above observations, we conjecture that the class of
Bell inequalities Id, whose dth member is defined by the
inequality (4), gives rise to a dimension witness for bound
entangled states: Violation of Id for d ≥ 3 using bound
entangled states implies that the dimension of the state
has to be at least d × d. Note that several recent works
presented dimension witnesses of states based on Bell vi-
olations placing no additional restrictions on the state
(see, e.g., references [46–51]), using as well certain re-
strictions such as the amount of randomness [52] or the
number of singlet pairs [53] shared between the parties.
C. Measurement operators
The eigenvectors of the density matrix belonging to
either of the two non-degenerate eigenvalues are such that
d − 2 of their Schmidt coefficients are equal. Moreover,
the equal Schmidt coefficients for both eigenstates define
the same subspaces of both Alice’s and Bob’s component
spaces. If we choose the basis vectors labeled with k =
2, . . . , (d − 1) such that they span these subspaces, the
operators for the optimal measurement settings we have
4got for each d can be written as
Aˆ0|q = |A0|q〉〈A0|q|,
Aˆ1|q = IˆA − Aˆ0|q,
Bˆq|0 = |Bq|0〉〈Bq|0|,
Bˆ0|1 = |B0|1〉〈B0|1|,
Bˆ1|1 = IˆB − Bˆ0|1, (8)
where q = 0, . . . , d − 1, and IˆA and IˆB are the identity
operators in Alice’s and Bob’s component space, respect-
ively. The vectors appearing on the right-hand side of
Eqs. (8) may be given with three independent paramet-
ers:
|A0|0〉 = |0〉A,
|A0|p〉 = x0|0〉A + x1|1〉A + x2|θp〉A,
|B0|0〉 = −y1|0〉B + y0|1〉B ,
|Bp|0〉 = 1√
d− 1
(
y0|0〉B + y1|1〉B +
√
d− 2|θp〉B
)
,
|B0|1〉 = |0〉B , (9)
where p = 1, . . . , d − 1, x20 + x21 + x22 = 1, y20 + y21 =
1, and the vectors |θp〉 are unit vectors in the (d − 2)-
dimensional subspace spanned by |2〉, . . . , |d−1〉 pointing
towards the vertices of a regular d−2 simplex. They obey
the following equations:
d−1∑
p=1
|θp〉 = 0 (10)
〈θp|θq〉 = −1 + (d− 1)δpq
d− 2 (11)
d−1∑
p=1
|θp〉〈θp| = d− 1
d− 2
d−1∑
k=2
|k〉〈k| (12)
d−1∑
p=1
|θp, θp〉 = d− 1
d− 2
d−1∑
k=2
|k, k〉, (13)
where |j, k〉 denotes |j〉A ⊗ |k〉B . It is important to note
that all measurements defined above are of the von Neu-
mann type: The operators giving their components are
orthogonal projectors. For the two-outcome measure-
ments given in Eq. (8) this is trivial, and it is easy to
check that it is true for Bob’s d-outcome measurement
zero too: Using Eqs. (9) and (11) one can see that the
|Bq|0〉 (q = 0, . . . , d − 1) vectors are orthonormal. The
measurement operators above are similar to the ones
given by Yu and Oh [38]. However, they use only one
parameter, and their θ vectors are defined in a (d − 1)-
dimensional space, one dimension larger than ours. For-
mulas analogous to Eqs. (10-13) appear in their paper
too. In their case the angles between all pairs of vectors
corresponding to outcome zero of Alice’s measurements
are the same, that is 〈A0|q|A0|q′〉 is the same for any
q 6= q′, including q = 0. One of our extra parameters
breaks this symmetry for Alice’s measurement zero. An-
other symmetry apparent in their case is that 〈Bq|0|B0|1〉
is the same for any q. Our other parameter breaks this
symmetry: The value for q = 0 is not exactly the same
as the value for q 6= 0. However, for the optimal settings
the symmetries are not broken very much. For d up to
eight the difference between the violation that we can get
using the one-parameter formula and the maximum we
could achieve is less than half a percent.
D. Family of d× d PPT entangled states
The density operator we have obtained can be para-
metrized as
ρˆ = Sˆ0 + Sˆ1 + Dˆ0 + Dˆ1, (14)
where
Sˆi = |Si〉〈Si|, (15)
Dˆi =
d−1∑
k=2
|Dik〉〈Dik|, (16)
with
|S0〉 = a00|0, 0〉+ a01|0, 1〉+ a10|1, 0〉+ a11|1, 1〉+A|X〉,
(17)
|S1〉 = b00|0, 0〉+ b01|0, 1〉+ b10|1, 0〉+ b11|1, 1〉+B|X〉,
(18)
|D0k〉 = u0|0, k〉+ u′0|k, 0〉+ u1|1, k〉+ u′1|k, 1〉+ U |ϕk〉,
(19)
|D1k〉 = v0|0, k〉+ v′0|k, 0〉+ v1|1, k〉+ v′1|k, 1〉+ V |ϕk〉,
(20)
where
|X〉 ≡ 1√
d− 2
d−1∑
k=2
|k, k〉 (21)
|ϕk〉 ≡ (d− 2)
3/2
(d− 1)√d− 3
d−1∑
p=1
|θp, θp〉〈θp|k〉. (22)
All parameters in the equations above are real numbers,
as we have never got any larger violation when we al-
lowed complex numbers in the numerical optimization.
The |ϕk〉 vectors appear in the construction of the dens-
ity matrix of Yu and Oh too, but in their case they are
defined in a (d − 1)-dimensional space [38]. The vectors
are orthonormal, as it can be checked using Eqs. (10-12).
Using the same relations one can also show that |ϕk〉 and
the unit vector |X〉 are orthogonal. From these it follows
that 〈Dik|Sj〉 = 0 and 〈Dik|Djk′〉 = 0 if k 6= k′. The
vectors in Eqs. (17-20) are not normalized, the square of
their norm is the probability associated with them. One
constraint the parameters must obey is that the sum of
5all probabilities is one, that is
pS0 = a200 + a201 + a210 + a211 +A2,
pS1 = b200 + b201 + b210 + b211 +B2,
pD0 = u20 + u′20 + u21 + u′21 + U2,
pD1 = v20 + v′20 + v21 + v′21 + V 2,
pS0 + pS1 + (d− 2)(pD0 + pD1 ) = 1. (23)
A freedom we have in choosing the parameters is that
the transformations |S′i〉 =
∑1
j=0O
S
ij |Sj〉 and |D′ik〉 =∑1
j=0O
D
ij |Djk〉, where OSij and ODij are 2× 2 orthogonal
matrices, leave both the density matrix of Eq. (14) and
the form of Eqs. (17-20) unchanged. Using this freedom
we can ensure that all vectors are pairwise orthogonal.
These vectors will be eigenvectors of the density mat-
rix and the squares of their norms, that is the prob-
abilities in Eq. (23) will be its eigenvalues. There will
be two non-degenerate eigenvalues corresponding to the
S-vectors and two (d − 2)-times degenerated ones cor-
responding to the D-vectors, as we have already stated.
Later it will be more convenient for us to use our free-
dom not to make all vectors orthogonal, but to eliminate
parameters B and V .
Besides Eq. (23) the parameters obey further con-
straints to ensure invariance to partial transposition.
These are the following:
A2 +B2 = d− 2
d− 3(U
2 + V 2), (24)
a00a11 + b00b11 = a01a10 + b01b10, (25)
Aa00 +Bb00 =
√
d− 2(u0u′0 + v0v′0), (26)
Aa01 +Bb01 =
√
d− 2(u0u′1 + v0v′1), (27)
Aa10 +Bb10 =
√
d− 2(u1u′0 + v1v′0), (28)
Aa11 +Bb11 =
√
d− 2(u1u′1 + v1v′1). (29)
The proof is given in Appendix A.
E. Analytic expressions for the violation
The quantum value in Eqs. (6-7) with the density oper-
ator of Eqs. (14-22) and measurement setting according
to Eqs. (8-9) may be calculated analytically. The details
of the calculation are given in Appendix B. The result
can be written as
Q(d) = QS0(d) +QS1(d) +QD0(d) +QD1(d), (30)
where QS0(d) and QD0(d) are given in Eq. (B11) and
Eq. (B19), respectively, while QS1(d) and QD1(d) have
the same form as QS0(d) and QD0(d) but with other
parameters, as explained in Appendix B.
There are altogether 20 parameters in Eqs. (17-20) de-
fining the density matrix. Due to the normalization con-
dition given in Eq. (23) and our freedom of choice we
noted under Eq. (23) the number of free parameters is re-
duced by three. We use our freedom to take B = V = 0.
Taking into account the six constraints given in Eqs. (24-
29), eleven free parameters remain to determine the dens-
ity matrix. Three more independent parameters are ne-
cessary for the measurement settings (see Eq. (9)). We
have used an uphill simplex method [54] with 14 para-
meters to find the optimum violation. In Fig. 1, solid line,
we show the result of this calculation up to d = 1000.
Figure 1. Violation Q of the family of Bell inequalities of
Eq. (4). Solid line: full set of parameters. Dashed line: result
of a suboptimal solution with a reduced number of paramet-
ers, as given by the values (C1). Dash-dotted line: the sub-
optimal solution with asymptotic parameter values, as given
in Eq. (C27).
The function reaches its asymptotic behavior very
slowly; the log-log plot is not quite straight even around
d = 1000. There its slope is compatible with a func-
tion proportional to d−1.9. Unfortunately, the number
of parameters has been too large to allow us to give an
explicit analytical solution, even asymptotically. We can
get a suboptimal solution by choosing five parameters
(besides B and V ) to be zero, while still getting a viol-
ation of the Bell inequality (a sixth parameter also be-
comes zero due to a constraint). The parameters of value
zero are given in Eq. (C1) in Appendix C. We have also
chosen Bob’s measurement settings to be parameter-free
as Yu and Oh [38]. We have kept the extra parameter we
have introduced for Alice’s settings. The violation com-
ing from this suboptimal solution is shown in Fig. (1) by a
dashed line. For small d it gives a much smaller violation
than the optimum one with the full set of parameters,
but for d = 1000 the difference becomes much smaller,
about 23%. Unfortunately, this suboptimal solution will
almost certainly not converge to the optimal one at the
d = ∞ limit. However, its asymptotic behavior can be
determined analytically. The details are given in the Ap-
pendix C. The violation with the asymptotic parameter
values is given explicitly in Eq. (C27) and it is shown in
Fig. (1) by a dash-dotted line. The leading order term
behaves as d−2, which is to be compared to the d−4 scal-
ing of the family of Yu and Oh [38]. Furthermore, there
6is also a term proportional to d−5/2, with a factor more
than six times larger than that of the leading order term,
which explains why convergence to the asymptotic beha-
vior is so slow.
V. SUMMARY
We have studied the violation of a family of Bell in-
equalities by bound entangled states. We have shown
that these inequalities may be violated by such states.
Each inequality can be characterized by an integer d ≥ 3
and it corresponds to a bipartite Bell scenario with d two-
outcome measurement settings for one party and one d-
outcome and one two-outcome measurement setting for
the other one. The family is the generalization of one of
the inequalities we have got when we have constructed
all tight inequalities with d = 4.
To find PPT states and measurement operators viol-
ating the inequalities we have used a numerical method,
a see-saw algorithm for d values up to eight. Such an
algorithm does not guarantee the optimum solution even
when repeated several times starting from different ini-
tial values. Nevertheless, when it has found a solution,
for each d most of the time it has found the same one up
to transformations of the local coordinate systems. The
corresponding state may be given in a (d×d)-dimensional
Hilbert space. Our experience with the seesaw method
is that if solutions of different dimensionalities violating
the inequality exist, the algorithm will find the lowest-
dimensional one with highest probability. None of our
attempts has led to a solution of less than d × d dimen-
sions. Moreover, we have tried to find a solution while
we explicitly restricted the search to lower-dimensional
spaces and we failed to find any. We are quite confident
that at least for d = 4 and for d = 5 we would have
found such a solution if it existed. Based on these nu-
merical experiences we conjecture that the Bell inequal-
ity characterized by d belonging to this family may only
be violated by bound entangled states of dimensions of
at least d × d, that is, it acts as a dimension witness
for bound entangled states. This is an important differ-
ence between our family and the one proposed by Yu and
Oh [38], whose members may all equally be violated by
the d = 3 solution.
All the optimal solutions we have found numerically
for up to d = 8 have a certain well-defined mathemat-
ical form when the appropriate local bases are chosen in
the component Hilbert spaces. We have used this form
as an ansatz to find solutions violating the inequalities
up to d = 1000. We have also given a simplified subop-
timal solution in a fully analytic form still violating the
inequalities.
The Bell violation of the inequalities with the construc-
ted PPT states tends to zero as d goes to infinity. From
the analytic suboptimal solution we can conclude that
the violation decreases no faster than d−2. It remains to
be seen if other type of bipartite Bell inequalities using
the same family of states may lead to increased Bell viol-
ation with increasing d. Higher violation implies in gen-
eral higher noise resistance, hence this property would
be useful in certain quantum information tasks based
on nonlocality, such as communication complexity prob-
lems [55, 56]. Positive partial transpose states are known
to be useful in quantum key distribution [57, 58], and it
is an interesting question if they exhibit a private key in
the device-independent scenario as well [59]. Since en-
tanglement and steerability are necessary ingredients to
Bell nonlocality, it will also be interesting to look at suit-
able entanglement witnesses [60–62] or steerability wit-
nesses [63, 64] associated with our states similarly to the
states in Ref. [38].
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Appendix A: Partial transposition invariance
Here we show that the constraints given in Eqs. (24-29) ensure that the density matrix of Eq. (14) is invariant to
partial transposition. From Eqs. (15) and (17) we get
Sˆ0 = Sˆinv0 + SˆSS0 + SˆSD0 , (A1)
where
Sˆinv0 =a200|0, 0〉〈0, 0|+ a201|0, 1〉〈0, 1|+ a210|1, 0〉〈1, 0|+ a211|1, 1〉〈1, 1|
+ a00a01(|0, 0〉〈0, 1|+ |0, 1〉〈0, 0|) + a00a10(|0, 0〉〈1, 0|+ |1, 0〉〈0, 0|)
+ a01a11(|0, 1〉〈1, 1|+ |1, 1〉〈0, 1|) + a10a11(|1, 0〉〈1, 1|+ |1, 1〉〈1, 0|) (A2)
SˆSS0 =a00a11(|0, 0〉〈1, 1|+ |1, 1〉〈0, 0|) + a01a10(|0, 1〉〈1, 0|+ |1, 0〉〈0, 1|) (A3)
SˆSD0 =
A√
d− 2
d−1∑
k=2
[a00(|0, 0〉〈k, k|+ |k, k〉〈0, 0|) + a01(|0, 1〉〈k, k|+ |k, k〉〈0, 1|)
+ a10(|1, 0〉〈k, k|+ |k, k〉〈1, 0|) + a11(|1, 1〉〈k, k|+ |k, k〉〈1, 1|)] +A2|X〉〈X|. (A4)
For Eq. (A4) we have also used Eq. (21). From Eqs. (15) and (18) we can get the analogous expressions for Sˆ1
with A and aij are replaced by B and bij , respectively. It is easy to see that Sˆinv0 and Sˆinv1 are invariant to partial
transposition for any values of the parameters. The operators (|0, 0〉〈1, 1| + |1, 1〉〈0, 0|) and (|0, 1〉〈1, 0| + |1, 0〉〈0, 1|)
appearing in SˆSS0 and SˆSS1 are the partial transpose of each other. Their factors have to be equal for the invariance,
which is just the constraint of Eq. (25) (Dˆi contains no such terms).
From Eqs. (16) and (19) we get
Dˆ0 = Dˆinv0 + DˆDS0 , (A5)
where
Dˆinv0 =
d−1∑
k=2
[u20|0, k〉〈0, k|+ u′20 |k, 0〉〈k, 0|+ u21|1, k〉〈1, k|+ u′21 |k, 1〉〈k, 1|
+ u0u1(|0, k〉〈1, k|+ |1, k〉〈0, k|) + u′0u′1(|k, 0〉〈k, 1|+ |k, 1〉〈k, 0|)
+ u0U(|0, k〉〈ϕk|+ |ϕk〉〈0, k|) + u′0U(|k, 0〉〈ϕk|+ |ϕk〉〈k, 0|)
+ u1U(|1, k〉〈ϕk|+ |ϕk〉〈1, k|) + u′1U(|k, 1〉〈ϕk|+ |ϕk〉〈k, 1|)] (A6)
DˆDS0 =
d−1∑
k=2
[u0u′0(|0, k〉〈k, 0|+ |k, 0〉〈0, k|) + u0u′1(|0, k〉〈k, 1|+ |k, 1〉〈0, k|)
+ u1u′0(|1, k〉〈k, 0|+ |k, 0〉〈1, k|) + u1u′1(|1, k〉〈k, 1|+ |k, 1〉〈1, k|) + U2|ϕk〉〈ϕk|]. (A7)
9To get Dˆ1 and its parts one should only replace ui, u′i and U for vi, v′i and V , respectively. Parts Dˆinv0 and Dˆinv1 are
invariant to partial transposition. For terms containing no |ϕk〉 or 〈ϕk| this is obvious. As far as the rest of the terms
are concerned, let us take
d−1∑
k=2
(|0, k〉〈ϕk|+ |ϕk〉〈0, k|) = (d− 2)
3/2
(d− 1)√d− 3
d−1∑
p=1
d−1∑
k=2
(|0, k〉〈k|θp〉〈θp, θp〉+ |θp, θp〉〈θp|k〉〈0, k|)
= (d− 2)
3/2
(d− 1)√d− 3
d−1∑
p=1
(|0, θp〉〈θp, θp|+ |θp, θp〉〈0, θp|), (A8)
which is also invariant. Here we have used Eq. (22) and the fact that each |θp〉 is in the subspace spanned by |k〉
(2 ≤ k ≤ d− 1). The invariance of the other terms can be shown similarly.
The operators (|i, j〉〈k, k|+ |k, k〉〈i, j|) (i, j = 0, 1 and 2 ≤ k ≤ d− 1) appearing in SˆSD0 and SˆSD1 and (|i, k〉〈k, j|+
|k, j〉〈i, k|) appearing in DˆDS0 and DˆDS1 are the partial transpose of each other. The equality of their factors can be
ensured by the constraints Eqs. (26-29).
The operator in the last term remaining in DˆDS0 and DˆDS1 may be rewritten as:
d−1∑
k=2
|ϕk〉〈ϕk| = (d− 2)
2
(d− 1)(d− 3)
d−1∑
p=1
|θp, θp〉〈θp, θp| − d− 2
d− 3 |X〉〈X|, (A9)
which can be proven by using Eqs. (22), (11-13) and (21). The sum on the right-hand side is invariant to partial
transposition, but |X〉〈X| is not. However, such a term also appears in SˆSD0 and SˆSD1 . If Eq. (24) holds, this
noninvariant term is eliminated.
Appendix B: Details of the calculation of the Bell value
The measurement operators we are going to consider here are the ones given in Eqs. (8)-(9). We may rewrite the
Bell operator in Eq. (7) as
Bˆd = (d− 2)Aˆ0|0 ⊗ (Bˆ0|1 − Bˆ0|0)−
d−1∑
i,j=1
Aˆ0|i ⊗ Bˆj|0(1− δij)−
d−1∑
i=1
(IˆA − Aˆ0|i)⊗ Bˆ0|1. (B1)
We have used Aˆ1|i = IˆA − Aˆ0|i to ensure that all measurement operators appearing in the expression above are
one-dimensional projectors.
Our density operator of Eqs. (14), (15) and (16) is written as a sum of terms of the form Tˆ = |T 〉〈T |, where Tˆ is
either Sˆi or Dˆik. The contribution of each term to a conditional probability in Eq (5) may be written as
Tr[Tˆ (Aˆa|x ⊗ Bˆb|y)] = 〈T |Aˆa|x ⊗ Bˆb|y|T 〉. (B2)
If the measurement operators are one-dimensional projectors, then Eq. (B2) may further be simplified as:
Tr[Tˆ (Aˆa|x ⊗ Bˆb|y)] = |〈Aa|x, Bb|y|T 〉|2. (B3)
Now let us calculate the contribution of the first term Sˆ0 of the density matrix to the quantum value. Using Eqs. (17),
(21) and (13) we can get
|S0〉 =
1∑
α,β=0
aαβ |α, β〉+A
√
d− 2
d− 1
d−1∑
p=1
|θp, θp〉. (B4)
Then using Eqs. (9) and the identity
〈θi, θj |S0〉 = A(d− 2)3/2 [(d− 1)δij − 1], (B5)
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which one can get by using Eqs. (B4) and (11), we arrive at
|〈A0|0, B0|1|S0〉|2 =a200 (B6)
|〈A0|0, B0|0|S0〉|2 =(−y1a00 + y0a01)2 (B7)
|〈A0|i, Bj|0|S0〉|2 = 1
d− 1
[ 1∑
α,β=0
xαyβaαβ − x2A
d− 2 [1− (d− 2)δij ]
]2
(B8)
|〈A0|i, B0|1|S0〉|2 =(x0a00 + x1a10)2, (B9)
where i, j ≥ 1, and also we get
〈S0|IˆA ⊗ Bˆ0|1|S0〉 = a200 + a210. (B10)
We note that the right-hand side of Eq. (B8) is independent of indices i and j if i 6= j and the right-hand side of
Eq. (B9) is independent of i. Then the contribution to the quantum value coming from Sˆ0 is
QS0(d) = (d−2)[a200−(y0a01−y1a00)2]−(d−2)
 1∑
α,β=0
xαyβaαβ − x2A
d− 2
2+(d−1)[(x0a00+x1a10)2−a200−a210]. (B11)
The form of the contributionQS1(d) from Sˆ1 is the same, only aαβ and A should be replaced by bαβ and B, respectively.
Now let us calculate the contribution from Dˆ0. From Eqs. (19) and (9) it is easy to see that 〈A0|0, B0|1|D0k〉 =
〈A0|0, B0|0|D0k〉 = 0. To calculate 〈A0|i, Bj|0|D0k〉 we also need the identity
〈θi, θj |D0k〉 = − U√(d− 2)(d− 3) [〈θi|k〉+ 〈θi|k〉 − (d− 1)δij〈θi|k〉], (B12)
which may be derived from Eqs. (19), (22), (11), and (10). Then, if i, j ≥ 1 and i 6= j we get
|〈A0|i, Bj|0|D0k〉|2 = 1
d− 1 |F0〈θj |k〉+G0〈θi|k〉|
2, (B13)
where
F0 ≡
√
d− 2(x0u0 + x1u1)− x2U√
d− 3 (B14)
G0 ≡ x2(y0u′0 + y1u′1)−
x2U√
d− 3 . (B15)
As vectors |θi〉 are in the subspace spanned by vectors |2〉, . . . , |d− 1〉,
d−1∑
k=2
|〈A0|i, Bj|0|D0k〉|2 = 1
d− 1
(
F 20 +G20 −
2
d− 2F0G0
)
, (B16)
which is independent of i and j. Similarly, for the last terms needed one can get
d−1∑
k=2
|〈A0|i, B0|1|D0k〉|2 =
d−1∑
k=2
|x2u′0〈θi|k〉|2 = x22u′20 , (B17)
and
d−1∑
k=2
〈D0k|IˆA ⊗ Bˆ0|1|D0k〉 = (d− 2)u′20 . (B18)
Putting the terms above together, one gets the contribution from Dˆ0:
QD0(d) = 2F0G0 − (d− 2)(F 20 +G20)− (d− 1)u′20 (d− 2− x22). (B19)
The contribution from Dˆ1 has the same form, only F0, G0, and u′0 should be replaced by F1, G1, and v′0 , respectively,
where F1 and G1 are defined like F0 and G0 in Eqs. (B14) and (B15), only uµ and u′µ are replaced by vµ and v′µ,
respectively. We note that these contributions can not be positive if d ≥ 3.
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Appendix C: A reduced number of parameters
We may take all the following parameters to be zero and still get a violation of the Bell inequality:
a01 = b01 = b10 = B = u0 = u′0 = v′1 = V = 0. (C1)
Although with this choice the violation is 88% smaller for d = 3 and 77% smaller for d = 4 than before, for d = 1000 the
violation is only reduced by about 15% if the remaining parameters are optimally chosen. To keep partial transposition
invariance according to Eqs. (24-29), the following relations must hold:
A =
√
d− 2
d− 3U (C2)
a00a11 + b00b11 = 0 (C3)
Aa00 =
√
d− 2v0v′0 (C4)
Aa10 =
√
d− 2v1v′0 (C5)
Aa11 =
√
d− 2u1u′1. (C6)
Eq. (27) is automatically satisfied with both of its sides zero. The relations above fix the values of A, a00, a10, a11
and b00b11 in terms of the other parameters.
Another simplification we have made is that for Bob we used the measurement settings of Yu and Oh [38] by
choosing the following values in Eq. (9):
y0 =
√
d− 1
d
, y1 = − 1√
d
. (C7)
It is easy to check that 〈Bq0 |B01〉 = 1/
√
d hold for all q; therefore, the symmetry for Bob mentioned earlier is valid.
This choice decreases the violation somewhat further, for d = 1000 it is about 77% of the original one. For Alice
we keep both of our independent parameters and will take x0 > 0. All xi (i = 0, 1, 2) converge to numbers different
from zero in the infinite d limit, therefore, unlike in the case discussed by Yu and Oh, Alice’s measurements remain
distinguishable.
Numerical results show that for QD0(d) [see Eq. (B19)], the contribution from Dˆ0, is always orders of magnitude
smaller than the contribution from other terms. The violation changes very marginally if we take this contribution
to be zero by demanding F0 = G0 = 0 (u′0 = 0, anyway). These requirements will fix two more parameters according
to Eqs. (B14), (B15) and (C1) as:
u1 =
x2U
x1
√
(d− 2)(d− 3)
u′1 = −U
√
d
d− 3 . (C8)
Here we used the values of y0 and y1 from Eq. (C7). The value of F1 can also be taken to be exactly zero with hardly
any change of the violation. Then, from the equation analogous with Eq. (B14) [see remark below Eq. (B19)], and
taking into account that V = 0, we get the following relation between v0 and v1:
x0v0 + x1v1 = 0. (C9)
Using the equations analogous to Eqs. (B19) and (B15) we get for the contribution from Dˆ1:
QD1(d) = −(d− 1)(d− 2)
(
1− 2x
2
1
d(d− 2)
)
v′20. (C10)
We have taken into account that u′1 = 0 and y0 =
√
(d− 1)/d.
From Eqs. (C6), (C8), (C2), and (C7) it follows that
x1y1a11 − x2A
d− 2 = 0. (C11)
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From Eqs. (C4), (C5), and (C9) it also follows that
x0a00 + x1a10 = 0. (C12)
Using Eqs. (C11), (C12), (C7), (C2), and (C4) the contribution of Sˆ0 given by Eq. (B11) may be written as
QS0(d) = −(d− 1)(d− 3)
(
x20
x21
+ 2
d
)
v20v
′2
0
U2
. (C13)
The contribution of Sˆ1 given by Eq (B11) with aαβ and A replaced by bαβ and B, respectively, with b01 = b10 = B = 0
and y0 and y1 taken from Eq. (C7) is simplified as:
QS1(d) = −2
d− 1
d
(1− x20)b200 −
d− 2
d
x21b
2
11 + 2
d− 2
d
√
d− 1x0x1b00b11, (C14)
As the first two terms are negative, the absolute value of their contribution must be as small as possible to get the
maximum violation. This is achieved if the ratio of b00 and b11 is such that these negative terms are equal, since their
product is fixed. This is because the product of b00 and b11 is fixed by the other parameters according to Eqs. (C2-C6).
Then we get for the ratio of b00 and b11:
b00
b11
=
√
d− 2
2(d− 1)
x1√
1− x20
(C15)
The sign of the expression is such that the third term of Eq. (C14) is positive. It must be so to get a violation, as all
other non-zero terms of all contributions are negative. Using this formula, we can rewrite Eq. (C14) as
QS1(d) = 2
d− 2
d
√
d− 1
1−
√
2(1− x20)
d− 2
1
x0
 · x0x1b00b11. (C16)
From Eqs. (C2-C6) and Eq. (C8) it follows that x1b00b11 = x2
√
d/(d− 2)v0v′0; therefore,
QS1(d) = 2
√
(d− 1)(d− 2)
d
1−
√
2(1− x20)
d− 2
1
x0
 · x0x2v0v′0. (C17)
The quantum value Q(d) is the sum of the contributions given by Eqs. (C10), (C13) and (C17), while QD0(d) = 0.
This is the value to be maximized. Let us choose the value of v′0 such that the partial derivative of Q(d) in terms of
v′0 is zero. With this choice we get the relationship
2QD0(d) + 2QS0(d) +QS1(d) = 0, (C18)
from which it follows that
Q(d) = 12QS1(d). (C19)
We note that this choice for v′0 is not exactly the optimal one, as the value of v′0 affects the other parameters through
the normalization condition given by Eq. (23). Nevertheless, for large enough d this influence becomes negligible,
because v′0 itself becomes negligible compared to the terms dominating the normalization condition. This follows from
|QS1(d)| > |QD0(d)|, which must hold to get a positive violation. At the same time v0v′0 should converge to zero as
slowly as possible at the infinite d limit. This is achieved if v′0/v0 ∝ d−3/2 for large d, and v0 is one of the dominant
parameters. Then it follows from |QS1(d)| > |QS0(d)| that U must be of the same order as v0. There are just two more
parameters that can not be neglected when writing up the normalization condition at the infinite d limit, namely, u′1
[see Eq. (C8)] and v1 [see Eq. (C9)]. For large d these considerations and Eq. (23) lead approximately to
d(u′21 + U2 + v20 + v21) ≈ 1
2U2 + x
2
0 + x21
x21
v20 ≈ 1/d. (C20)
13
From now on let us concentrate on the limit of large d. From Eqs. (C18), (C10), (C13) and (C17) v′0 can approximately
be written as:
v′0 ≈
1
d3/2
(
1−
√
2(1− x20)
d
1
x0
)
x0x
2
1x2v0U
2
x20v
2
0 + x21U2
. (C21)
Here we have neglected terms of order d−1 times leading order and higher. Then one can write the approximate value
for the violation given in Eqs. (C19) and (C17) as:
Q(d) ≈ 1
d
(
1−
√
8(1− x20)
d
1
x0
)
x20x
2
1x
2
2v
2
0U
2
x20v
2
0 + x21U2
. (C22)
If one expresses v20 from Eq. (C20) and substitutes it into the equation above one gets:
Q(d) ≈ 1
d2
(
1−
√
8(1− x20)
d
1
x0
)
x21x
2
2(1− 2U2d)U2d
1 + x
2
1−x20
x20
U2d
. (C23)
From the condition that the partial derivative of the expression above in terms of z ≡ U2d is zero it follows that
z ≡ U2d = x
2
0
x21 − x20
(√
x21 + x20
x20
− 1
)
. (C24)
When calculating the optimum values for x1, x2, and x3 let us neglect the term proportional to d−5/2. If we write
xi in terms of polar coordinates and demand that the partial derivatives of Eq. (C22) without the neglected term in
terms of the polar angles are zero, we get, for the optimal values of x2i ,
x20 =
√
z(1− z)− z
2(1− 2z)
x21 =
1− z −√z(1− z)
2(1− 2z)
x22 =
1
2 . (C25)
Substituting x0 and x1 from the equation above into Eq. (C24), after straightforward steps we can get that the optimal
z ≡ U2d for large d satisfies the third-order equation 4z3 − 8z2 + 6z − 1 = 0. This equation has a single real root,
which is
z ≡ U2d = 16
(
4 + 3
√
3
√
33− 17− 3
√
3
√
33 + 17
)
≈ 0.2282. (C26)
Then, from Eqs. (C23), (C25), and (C26) we can get
Q(d) ≈ 0.01686
d2
(
1− 6.118√
d
)
. (C27)
We note that the parameters determined here are only optimal for really large d. For d ≤ 37 the equation above does
not even give a violation.
